Using the AdS/CFT correspondence, we show that the Anti-de Sitter (AdS) rotating (Kerr) black holes in five and seven dimensions provide us with examples of non-trivial field theories which are scale, but not conformally invariant. This is demonstrated by our computation of the actions and the stress-energy tensors of the four and six dimensional field theories residing on the boundary of these Kerr-AdS black holes spacetimes.
In situations when a non-trivial field theory is exactly scale invariant, it often follows that it is also conformally invariant. This is sometimes regarded as a rule of thumb, although it is known to be not generally applicable. Discussion, and few counterexamples may be found in the literature 1 −5 . These counterexamples, all in flat spacetime, are not generic. Here, we construct more counterexamples by placing the field theory in curved spacetime M, and exploit the general structure of the conformal anomaly. The general form of the anomaly in dimension n (which is even, since we only have conformal anomalies in those cases) is given by 6 :
Here, the c's are constants, E n is the Euler density, I i are terms constructed from the Weyl tensor and its derivatives, and the last term is a collection of total derivative terms. The first type of term is called "type A", the next "type B", and the last "type D". We note that non-trivial counterexamples can be generated by considering a theory with conformal anomaly, which satisfies M d n x √ γ T a a = 0, preserving scale invariance. This can be done by choosing a non-vanishing type A anomaly and a vanishing type B anomaly. The type D anomaly always can be removed by adding local counterterms. We now need to find a prescription for defining (and studying the properties of) a sensible theory on a spacetime with properties chosen to yield the desired anomalies, producing thus our counterexamples.
In this work, we show how to do this. We use the tools which were developed in the context of the "AdS/CFT correspondence" 7, 8, 9 in our analysis. One of these * adel@pa.uky.edu † The speaker in DPF 2000 ‡ c.v.johnson@durham.ac.uk 1 tools is the boundary counterterm method 11 which we use to calculate the quasi local stress-energy tensor of an AdS gravitational solution (see also refs. [14, 15] ). According to the correspondence, this stress-energy tensor, evaluated on the boundary at infinity, is equal to the expectation value of that of a renormalized field theory (at strong coupling) in one dimension fewer. The field theory (see refs. [7] [8] [9] for details of exactly which field theory, depending upon dimension) is conformal in flat spacetime, but in general lives on a spacetime which shares a metric with the boundary of the AdS solution. Complete details of our computations of the action and stress tensor components may be found in the literature 15, 16, 17 , and we present only a small part of the results here.
Our examples come from the Kerr-AdS spacetimes in five and seven dimensions (with only one of the two rotation parameters, which we shall call a, non-zero 18 ):
where dΩ 2 n−3 is the unit metric on S n−3 , and
The dimension of the gravitational solution is n + 1, while that of the field theory is n. The metric, γ ab , on which the field theory (either the N =4 Yang-Mills theory for n=4 or the (0,2) supersymmetric conformal field theory (see ref.
[10] for a review) for n=6) resides is that of a rotating Einstein universe, with line element 18 :
The stress tensor for strongly coupled N =4 Yang-Mills on this spacetime (i.e., n = 4) computed from the Kerr-AdS 5 spacetime was computed in ref. 15 The trace is:
It is non-zero, and so conformal invariance is broken. A quick computation shows that this is a total derivative. In fact, T a a = −(N 2 /π 2 )E 4 , where E 4 is Euler density in four dimensions 16 , but the topology is trivial. The coefficient is precisely the field theory value 14 . Since d
, the theory is scale invariant. Note that the Euler density is proportional to 2R. It therefore appears to be of type D, and one might imagine 15, 19 that it can be removed by a local counterterm. However, in general it cannot be written in this form, and this is a red herring. Our anomaly is purely of type A, and as such its coefficient cannot be changed by adding local counterterms. Instead, we must accept the presence of the anomaly and give up conformal invariance; the rotation parameter a (which simply corresponds to the inclusion in the field theory of a chemical potential coupling to angular velocity 20 ) has broken conformal invariance of the theory, but scale invariance is preserved.
Consider now the case of Kerr-AdS 7 . We computed 16,17 the non-vanishing components for the stress tensor at large r. The trace of the stress tensor yields:
+3 cos 2 θ(1 + a 4 /l 4 + 3a 2 /l 2 ) .
We find that 16 T a a = −(N 3 /4508π
3 )E 6 , where E 6 is the Euler density in six dimension 21 . The coefficient matches the field theory results in the literature 18, 21, 22 . Again, since the topology is trivial, d 6 x √ γ T a a = 0, preserving scale invariance but not conformal invariance, thus completing our second counterexample.
